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Abstract
In order to evaluate the energy distribution (due to matter and fields including grav-
itation) associated with a spacetime model of Taub solution, we consider the Ein-
stein, Bergmann-Thomson and Landau-Lifshitz energy-momentum definitions in the
teleparallel gravity (the tetrad theory of gravitation). In the teleparallel gravity us-
ing Einstein and Landau-Lifshitz prescriptions, we find the same energy-momentum
distribution which is calculated in general relativity by P. Harpen. We also find that
the energy-momentum prescription of Bergmann-Thomson in the tetrad theory of
gravitation and general relativity. This result agrees with the previous works of
Virbhadra, Xulu, Vargas, Vagenas and Saltı et al. and supports the viewpoints of
Albrow and Tryon.
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1 Introduction
In the theories of gravitation, the formulation of energy and momentum dis-
tributions is one of the most interesting, crucial and controversial problems
of contemporary theoretical physics. Recently, this problem has been argued
in the alternative approach to gravitation which is called teleparallel gravity.
The first of such attempts was made by Einstein who proposed an expres-
sion for the energy-momentum distribution of the gravitational field. After
this pioneering work, there have been many attempts to resolve the energy-
momentum problem; e.g. Tolman (1), Papapetrou(2), Bergmann-Thomson
(3), Møller (4; 5), Weinberg (6), Qadir-Sharif (7), Landau-Liftshitz (8) and the
teleparallel gravity analogs of the Møller (9) and Einstein, Landau-Lifshitz,
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Bergmann-Thomson (10) prescriptions. Except for the Møller definition, these
complexes give the meaningful results when we transform the line-element
into the quasi-Cartesian coordinates. The energy and momentum complex of
Møller gives the possibility to make the calculations in any coordinate system
(11).
Virbhadra and his collaborators re-opened the problem of the energy and mo-
mentum by using the energy-momentum complexes (12; 13; 14; 15; 16; 17;
18; 19; 20; 21; 22; 23; 24). Following in teleparallel gravity, there have been
some attempts to show that the teleparallel gravitational energy-momentum
definitions give the same results as obtained by using the general relativis-
tic ones (10; 25; 26; 27; 28). Møller showed that a tetrad definition of a
gravitational field equation allows a more satisfactory treatment of the en-
ergy momentum complex than does general relativity. Therefore, we have also
applied the super-potential method by Mikhael et. al. (9) to calculate the
energy of the central gravitating body. Vargas (10) using the Einstein and
Landau-Lifshitz complexes, calculated the energy-momentum density of the
Friedman-Robertson-Walker space-time and showed that the result is the same
as obtained in general relativity.
The basic purpose of this article is to obtain the total energy in the Taub
cosmological solution consider teleparallel gravity and show that the our re-
sults agree with general relativity. The present paper is organized as follows:
in the next section, we introduce Taub solution. Next, in section 3, we give the
energy-momentum definitions of Einstein, Bergmann-Thomson and Landau-
Lifshitz in the tetrad theory of gravity. In section 4, we calculate the energy
distributions and total energies associated with given space time in the tetrad
theory of gravity using the formulas which we give in section 3. As a conclusion,
we summarize and discuss our results. Finally, in appendix we give general rel-
ativistic version of Bergmann-Thomson energy-momentum prescription.
Throughout this paper we use that the Greek indices take values from 0 to 3,
Latin indices take values from 1 to 3 and G = 1, c = 1 units as a convention.
2 The Taub Metric
The complete vacuum solution of the Einstein equations for the locally rota-
tionally symmetric Bianchi type IX spatially homogeneous cosmological model
found by Abraham Taub(29) in the time gauge in which the lapse function
equals the square root of the spatial metric determinant (N = g1/2) is a
3-parameter family of space-time metrics which depends on two essential pa-
rameters once the freedom to reset the zero of the time coordinate is used to
absorb one those parameters. The solution is the result of imposing the single
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super-Hamiltonian energy constraint on the 4-parameter family of solutions of
coupled second order differential evolution equations in the two independent
diagonal metric variables, once the time gauge is fixed. The Taub metric can
be expressed in a holonomic coordinate system as below(30):
ds2 = γ(t)dt2 − χ(t)dx2 − [χ(t) sin2(x) + ζ(t) cos2(x)]dy2
−2ζ(t) cos(x)dydz − ζ(t)dz2 (1)
with x, y and z corresponding to the Euler angles of three-dimensional rota-
tion, and having ranges:
0 ≤ x ≤ pi; 0 ≤ y ≤ 4pi; 0 ≤ z ≤ 2pi (2)
As Taub showed, in order to satisfy the vacuum Einstein equations the scale











where α, β and k are constants and,
γ(t) = χ2(t)ζ(t) (5)
In 1968, Misner and Taub(31) proved that it represents the space-time region
bounded by the horizon of the NUT solution found by Newman, Unti and
Tamburino(32).
3 Energy in the Teleparallel Gravity
The teleparallel theory of gravity (the tetrad theory of gravitation) is an alter-
native approach to gravitation and corresponds to a gauge theory for the trans-
lation group based on Weitzenbo¨ck geometry (39). In the theory of teleparallel
gravity, gravitation is attributed to torsion (40), which plays the role of a force
(41), and the curvature tensor vanishes identically. The essential field is acted
by a nontrivial tetrad field, which gives rise to the metric as a by-product. The
translational gauge potentials appear as the nontrivial item of the tetrad field,
so induce on space-time a teleparallel structure which is directly related to the
presence of the gravitational field. The interesting place of teleparallel theory
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is that, due to its gauge structure, it can reveal a more appropriate approach
to consider some specific problems. This is the situation, for example, in the
energy and momentum problem, which becomes more transparent.
Møller modified general relativity by constructing a new field theory in telepar-
allel space. The aim of this theory was to overcome the problem of the energy-
momentum complex that appears in Riemannian Space (42). The field equa-
tions in this new theory were derived from a Lagrangian which is not invariant
under local tetrad rotation. Saez (43) generalized Møller theory into a scalar
tetrad theory of gravitation. Meyer (44) showed that Møller theory is a special
case of Poincare gauge theory (45; 46).
The energy-momentum complexes of Einstein, Bergmann-Thomson and Landau-

















µβU νλβ ), (8)
where h = det(ha µ) and U
νλ
β is the Freud’s super-potential, which is given
by:
U νλβ = hS
νλ
β . (9)





(T νµλ − T λµν) + m3
2
(gµλT βνβ − gνµT βλβ) (10)
with m1, m2 and m3 the three dimensionless coupling constants of teleparallel
gravity (45). For the teleparallel equivalent of general relativity the specific







, m3 = −1. (11)












λν − Γµνλ. (13)














where Pi give momentum components P1, P2, P3 while P0 gives the energy
and the integration hyper-surface Σ is described by x0 = t =constant.
4 Energy distributions for the Taub Cosmological Model
In this section, using the teleparallel gravity analogs of the Einstein, Bergmann-
Thomson and Landau-Lifshitz energy-momentum formulations, we evaluate
the energy density.




























































Using equation (12), (17) and (18), we obtain the following non-vanishing com-
ponents of the Weitzenbo¨ck connection and the corresponding non-vanishing
torsion components respectively;
T 101 = −T 110 = Γ1 10=
k
2
[tanh(kt+ α)− tanh(kt+ β
2
)], (19)




T 302 = −T 320 = Γ3 20=
k
2
cos(x)[−2 tanh(kt+ α) + tanh(kt+ β
2
)], (21)
T 312 = −T 321 = Γ3 21=− csc(x), (22)




Taking these results with into the equation (10), the required components of








Next, the non-vanishing require components of Freud’s super-potential are








Substituting this result into equations (6), (7) and (8), the Einstein, Bergmann-

























If we integrate these density expressions over the full range coordinates, we







































hL00dxdydz = 0. (31)
We obtain that for the Einstein, Bergmann-Thomson and Landau-Lifshitz
energy complexes, each complex’s value is the same evaluated either in general
relativity or in teleparallel gravity and agrees with Halpern’s results.
5 Conclusions
The definition of energy momentum localization in both the general theory
of relativity and teleparallel gravity has been very exciting and interesting;
however, it has been associated some debate.
The main object of the present paper is to show that it is possible to evaluate
the energy distribution by using the energy-momentum formulations in not
only general relativity but also the teleparallel gravity. In teleparallel gravity,
a tetrad definition of a gravitational field equation allows a more satisfactory
treatment of the energy momentum complex than does general relativity. To
compute the energy density (due to matter and fields including gravitation),
we considered the Einstein, Bergmann-Thomson and Landau-Lifshitz energy-
momentum definitions such as the teleparallel gravity analogs of them. We
found that the teleparallel gravity analog of the formulations considered give


















We also show that Bergmann-Thomson energy-momentum definition give same
results in general relativity (See Appendix).
Our results from the Landau-Lifshitz complex agree with previous work on
anisotropic cosmologies, such as in the Bianchi type-I models all the formu-
lations give the same zero value energy. This result is the same as obtained
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by Cooperstock-Israelit, Rosen, Johri et al., Banerjee-Sen, Xulu, Vargas and
Saltı et al. and support the viewpoints of Albrow and Tryon. evaluations of
the total energy of the Kasner cosmology for several different cases.
Moreover this paper sustains (a) the importance of the energy-momentum
definitions in the evaluation of the energy distribution of a given space time,
(b) Landau-Lifshitz energy-momentum comlex agree with the previous works,
(c) Einstein and Bergmann-Thomson complexes have non-zero quantities due
to Taub metric ,though holonomic, are not quasi-Cartesian. Finally, the energy
obtained is also independent of teleparallel dimensionless coupling constant,
which means that is valid not only in the teleparallel equivalent of general
relativity, but in any teleparallel model.
APPENDIX
Bergmann-Thomson Energy-Momentum Complex in General Rel-
ativity






Πµνα = gµβV ναβ (36)
with









The Bergmann-Thomson’s energy-momentum prescription satisfies the follow-










The energy and momentum (energy current) density components are repre-
sented by Ξ00 and Ξa0, respectively. Considering the line element (1) into
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